Topological insulator (TI) thin films differ from the more commonly studied semi-infinite bulk TIs in that the former possesses both top and bottom surfaces where the surface states localized at different surfaces can couple to one another due to the finite thickness of the film. In the presence of an in-plane mangnetization TI thin films display two distinct phases depending on which of the intersurface coupling or the magnetization is stronger. In this work, we consider a TI thin film system with an in-plane magnetization and calculate numerically the resulting spin accumulation on both surfaces of the film due to an in-plane electric field to linear order. We describe a numerical scheme for performing the Kubo calculation calculation in which we include impurity scattering and vertex corrections. We find that the sums of the spin accumulation over the two surfaces in the in-plane direction perpendicular to the magnetization, and in the out of plane direction, are antisymmetric in Fermi energy about the charge neutrality point and are non-vanishing only when the symmetry between the top and bottom TI surfaces is broken. The impurity scattering, in general, diminishes the magnitude of the spin accumulation and can also change the sign of the spin accumulation at some Fermi energies where the accumulation is small.
I. INTRODUCTION
Topological insulators (TIs) [1] [2] [3] are an emerging class of materials possessing surface states with unique properties [4] [5] [6] [7] . For example, the higher mobilities due to the suppression of back scattering [8, 9] and the spinmomentum locking in the TI surface states make TI attractive candidates in prospective spintronics device applications [10, 11] .
In particular, the spin-momentum locking leads to the inverse spin-galvanic effect [12, 13] where the passage of an in-plane electric field through a TI leads to a resulting spin accumulation. This spin accumulation in turn exerts a torque on the magnetization of an adjoining ferromagnetic (FM) layer or FM dopants which may be used to switch the magnetization direction for magnetic memory [14, 15] applications. Besides the more traditional picture that the spin accumulation exerts a torque via exchange coupling on the magnetization by acting like an effective magnetic field, it has also been proposed recently that the alignment of the spin on the FM side of the FM-TI interface on a FM-TI heterostructure to the spin accumulation direction on the TI side of the interface and the subsequent diffusion of the spin across the thickness of the FM layer may also contribute to the spin torque [16] . Spin torques in magnetized TI systems have recently been measured experimentally, both in heterostructures with a FM layer deposited on top of the TI [17, 18] as well as in magnetically doped TIs [19] .
Spin accumulation in magnetized semi-infinite TI slabs due to in-plane direct current electric fields have previously been studied theoretically first in the clean limit [12] , subsequently in the presence of disorder scattering [13] , and most recently with the inclusion of vertex corrections [20] . The spin accumulation in TI thin films has however not received much attention to date [21] . TI thin films [22] [23] [24] differ from the more commonly studied semi-infinite slabs in that they possess both a top as well as a bottom surface where the surface states localized on both surfaces can couple to one another due to the finite thickness. From the device point of view, thinner TI films offer the advantage that their larger surface area to volume ratios enhance the contribution of the more practically useful surface states relative to the bulk states. From a theoretical point of view the simultaneous presence of the inter-surface coupling and in-plane magnetization leads to two distinct topological phases depending on whether the inter-surface coupling is stronger than the in-plane magnetization [25] .
We have earlier studied the spin accumulation in TI thin films subjected to an in-plane magnetization due to an in-plane electric field in the absence of disorder [26] . (In contrast, the works on electric field induced spin accumulation in semi-infinite bulk TIs have focused on out-of-plane magnetizations and treated the in-plane magnetization perturbatively. ) Here we extend our previous study to include the effects of disorder scattering and vertex corrections, and use more realistic material parameters.
This paper is organized as follow. We first introduce the model for the TI thin film system in the next section. We then describe the numerical evaluation of the Kubo formula for the spin accumulation. We then present and discuss our numerical results, and conclude with a brief summary of our findings.
II. MODEL
The Hamiltonian for a disordered TI thin film can be written as
The σs in Eq. 1 refer to the real spin, while τ z represents whether the states are localized nearer the top ( τ z = +1) or bottom ( τ z = −1) surface. The first term v( k ×ẑ) · στ z is hence the usual low energy Dirac fermion effective Hamiltonian for a TI with an additional factor of τ z representing states localized near the top and bottom surfaces for the two signs of τ z , and λτ x the inter-surface coupling. The M x σ x term represents a fixed in-plane magnetization in the x direction, and the E z τ z term an asymmetry between the top and bottom surfaces in the TI film. This asymmetry results from the top and bottom contact of the film being in contact with different materials -in most experimentally grown TI thin film systems the bottom layer of the film is adjacent to the substrate whereas the top surface abuts either the vacuum or a ferromagnetic layer.
We model the disorder scattering as non-magnetic Dirac delta point scatterers,
and average over the impurity positions.
The Hamiltonian Eq. 1 without the V imp term can be diagonalized analytically. However, the resulting analytic results are cumbersome and neither illuminating nor easy to work with. We therefore adopt a numerical approach in this work. For a given k, Eq. 1 yields four values of eigenenergies ( k, s) and corresponding eigenstates | k, s where s = 1, 2, 3, 4 distinguishes between the four eigenstates. Two of these eigenstates correspond to particle-like states in the dispersion relation, and the other two to hole-like states. The particle states and the hole states each consist of a pair of states with one member of the states localized closer to the top surface, and the other localized nearer the bottom surface [26] . These states are not degenerate for finite values of M x .
III. THEORY
Our approach follows that of Ref. 20 loosely. We calculate the spin accumulation to linear order in the electric field using the Kubo formula. The non-equilibrium expectation value of an arbitrary observable O, O to linear order in a DC electric field in the ith direction, E i is given by
where Π R OJi is the retarded correlation function between the observable O and the current in the ith direction J i , and E i is the electric field in the ith direction. Π R OJi (ω) can be evaluated using the Matsubara complex frequency summation formalism and is given by
where G denotes Matsubara Green's function, iq n is a Matsubara frequency, and the trace is taken over k and s. Introducing
where the C, C = A/R in Eq. 5 for the advanced / r etarded Green's function
the summation over iq n in Eq. 3 can be converted to an integral over the usual Matsubara contour Fig. 1 . This gives
We note that Eq. 7 picks up both what has been termed the 'interband' contributions [27] 
The interband term at a given Fermi energy is the sum of contributions over all the occupied states with energies below the Fermi energy, whereas the intraband contribution involves only states in the energy vicinity of the Fermi energy.
In the first Born approximation, the retarded impurity self energy Σ R (e) appearing in the retarded Green's function Eq. 6 is
where n i is the impurity concentration per unit area. Disregarding the real part of the self energy, we have
In order to evaluate the k f ( k)δ(e− ( k)) summation (we suppress the s index here temporarily for notational simplicity ), we parametrize k space as follows. We denote a point on the EEC at energy e, and path distance l from an arbitrary origin lying on the EEC as k EEC(e) (l). Since points on the EEC, by definition, have the same energy, the k-space vector normal to the EEC at a given k on the EEC is given by ∂ k ( k EEC(e) (l)), which we subsequently write as ∂ k (l) for short. An arbitrary point in k-space, not necessarily lying on the EEC (see Fig. 2 ), can then be parametrized by
The gray dotted line represents the EEC for one of the s bands at a given value of energy. The black dot at the top denotes the arbitrary origin for the path length l on the EEC, the green dot the point on the EEC k EEC(e) (l), the dotted arrow next to it ∂ k ( k EEC(e) (l)), and the bluish dot an arbitrary point in k space labeled by the coordinates (l, n).
The inset near the bottom shows that in an actual numerical calculation the EECs are constructed by algorithmically connecting discrete k points, represented by the solid purple circles, from which the spatial separation between adjacent points can be readily calculated.
This gives the infinitesimal k-space area element dA = |∂ k | dl dn. This parametrization also gives (using the usual expansion for the Dirac delta of a function
Putting everything together and using
where the EEC denotes integrating over the EEC. Now setting e = E f , the retarded self energy is hence given by
where EEC(e=E f ,s) means integrating along the e = E f EEC of the sth band. Although the parametrization in Fig. 2 may seem somewhat contrived, the end result Eq. 9 turns out to be convenient to work with in a numerical calculation. For a given value of energy e and, say, k x , the Schroedinger equation (H − e)| k, s can be cast into a generalized eigenvalue problem which can be numerically solved to give the eigenstates | k, s and eigenvalues k y which satisfy the Schroedinger equation. Sweeping through the values of k y and solving the generalized eigenvalue problem at each value of k y hence gives a set of discrete k points that lie on the EECs. Approximations to the EECs can then be constructed by linking up the discrete k space points belonging to the same s band. (See the inset of Fig. 2 . ) In our implementation we swept through both k y to obtain the corresponding k x points, as well through k x to obtain the corresponding k y points in order to increase the number of discrete k space points for the construction of the EECs. The path distance between adjacent discrete points δl on the EEC can be readily calculated from the points so that a numerical approximation to Eq. 9 can be obtained as
The expression for the non-equilibrium expectation value of the observable O Eq. 7 can be expressed diagrammatically as Fig. 3(a) . Whereas the expression already incorporates the effects of impurity scattering to all orders within the upper and lower Green's function lines individually via the inclusion of the impurity scattering self energy within the Green's function, a more complete model would also incorporate scattering between the upper and lower lines. This can be accomplished by replacing the combination of G C J i G C , (C = R/A) occurring in the lead-up to Eq. 7 with the vertex corrected version
Adopting the ladder approximation, Λ is defined diagrammatically in the bottom panel of 
where Λ CC i,αβ ≡ k, α|Λ|β, k (α and β are the s indices in the eigenstates | k, s ). Due to the absence of J on k here, Eq. 10 can be cast as a system of linear equations in the 16 Λ i,αβ matrix elements after the k summation, which can then be solved to obtain all 16 matrix elements.
Incorporating the vertex corrections, the final expression for δO becomes
IV. RESULTS AND DISCUSSION
In the numerical results which follow, the parameters v and λ in the Hamiltonian Eq. 1 were obtained using the material parameters for Bi 2 Se 3 from Ref. 29 via the approach of Ref. 28 . The latter is in turn based on Ref. 24 . Unless otherwise stated, we fix E z = 1 meV and M x = 50 meV in the results which follow.
A. Bandstructure
In order to set the scene for the subsequent discussion, we first note that a quantum phase transition occurs in a thin film with in-plane magnetization and inter-layer coupling when |M x | = |λ| [25] . We describe the bandstructure in the two regimes.
Setting E z = 0 for now, let us first consider the limit where λ = 0. In this limit, the Hamiltonian reduces to H = v( k×ẑ)· σ +M x σ x τ z τ z . It can be readily seen that H is block diagonal in the τ degree of freedom with the two blocks representing the states localized nearer the top and the bottom surfaces of the thin film respectively, and that the Hamiltonian within each block takes the form of the Dirac fermion Hamiltonian ± (vp y ±M x )σ x − vp x σ y which we are familiar from the more commonly studied semi-infinite TI slabs. The dispersion relation hence consists of two separate Dirac cones with the cone tips displaced from one another by 2M x /v f along the k y direction.
A small finite value of |λ| < |M x | leads to an anticrossing of the two Dirac cones where they cross each other in energy. We show in Fig. 4 the dispersion relation for a 5 nm film where |M x | = 50 meV > |λ| = 4.7 meV. The cross sections of two distinct Dirac cones with Dirac points at (k x , k y ) = (0, ±0.26 nm −1 ) at the low energy |E| < 20 meV regime and the avoided crossing of the two Dirac cones due to the inter-surface coupling at k y = 0 in the energy vicinity of |E| ≈ 50 meV are clearly evident in the figure.
As the inter-surface coupling strength is gradually increased (for example by decreasing the thickness of the film) , the energy splitting at the avoided crossing at k = 0 increases as well so that the hole and particle-like bands at k = 0 eventually touch, and with further increase of |λ|, cross each other and a band inversion occurs. Fig. 5 shows the dispersion relation of a 3 nm thick film where |λ| = 75 meV > |M x | = 50 meV. In the strong inter-surface coupling regime we can no longer identify two distinct Dirac cones localized around the top and We now consider the effects of turning on E z . The E z τ z term can be considered as a surface-dependent potential which shifts the energy of the states localized nearer the top (bottom) surface up (down). This is clearly evident from Fig. 4 where the two Dirac cones corresponding to the two surfaces can be distinctively recognized, and the Dirac point at negative (positive) k y corresponding to states localized nearer the top (bottom) surface is pushed up (down) in energy. (We have exaggerated the value of E z to ten times that used in our subsequent numerical results to make the effect of E z more evident in the plot. ) The energy shift is also evident from Fig. 5 where the lower energy band at negative (positive) k y localized nearer the top (bottom) surface [26] is pushed up (down) in energy as well.
B. Spin accumulation
We now proceed to calculate the spin accumulation due to an in-plane electric field using Eq. 11. As we noted in the introduction, a key distinction between a TI thin film and a semi-infinite bulk TI is that the former has two surfaces. In experimental settings, the magnetization can either be supplied by a FM layer deposited on top of the TI thin film, or by magnetic doping. For the case of magnetic doping one might assume that the net spin torque experienced by the magnetization is due to the sum of the spin accumulations on both the top and bottom surfaces of the TI thin film. For a FM layer depposited on top of the film, it would be reasonable to assume that the top surface of the TI thin film will have a greater contribution to the spin torque than the bottom due to the closer proximity. We are however not aware of any studies that have been performed on how much more the contribution of the top surface is. We therefore calculate both the sum of the spin accumulation on the top and bottom surfaces σ i , as well as their differences σ i τ z in the directions perpendicular to the magnetization. The spin accumulation on the top (bottom) surface is then given by
We focus here on the applied electric field parallel to the magnetization direction. An in-plane electric field in the y direction perpendicular to the magnetization direction does not give a significant σ i and σ i τ z spin accumulation in the i = y, z directions perpendicular to the x magnetization. While a y electric field does lead to σ x and σ x τ z spin accumulation (not shown), neither of these exerts a torque on the x magnetization. Fig. 6 shows the spin y and z accumulations summed over all occupied states per unit E x , the electric field in the x direction parallel to the in-plane magnetization in the |λ| < M x regime with the same parameters as in Fig.  4 with the exception that here E z = 1 meV. There is no significant σ x and σ x τ x accumulation resulting from the in-plane x electric field to the numerical precision of the k-space integration. Some of the data points at small |E f | are missing due to the numerical instabilities encountered.
The σ y and σ y τ z accumulations are from intraband contributions while the σ z and σ z τ z accumulations result from inter-band contributions. In particular, −v times σ y τ z gives the x charge current whereas the σ z spin accumulation can be attributed to an electric field induced effective magnetic field proportional tô σ × ∂ kxˆ σ [26, 30, 31] ,ˆ σ being the unit vector in the direction of the expectation value of the spin accumulation σ . Whereas the authors of the experimental study Ref. 18 had attributed the spin z accumulation leading to their measured spin torques in a Bi 2 Se 3 -FM heterostructure to the cubic momentum hexagonal warping, the electric field induced effective field may also have contributed to the spin accumulation.
The magnitudes of the spin accumulations exhibit prominent peaks at E f = 54 meV, and less prominent 4 , we see that these peaks are related to key features in the dispersion relation -the major peaks correspond to the energies where the higher energy band starts to emerge while the minor peaks correspond to the energy of the band top of the lower energy band at k = 0.
The σ i s are antisymmetric with respect to E f whereas the σ i τ z s are symmetric. In general, the magnitudes of the σ i s are orders of magnitude smaller than those of the σ i τ z s. The relatively small value of the σ i s is due to their dependence on E z , which has a small value here -the σ i s vanish when E z = 0 (not shown). The small value of E z does not lead to qualitative changes in the general trends for the σ i τ z s, as one can be seen from Fig. 9 where we plotted σ z τ z for the same set of parameters as in Fig. 6 except that E z is set to 0 there. We explain why the σ i s are antisymmetric with respect to E f . The spin accumulations plotted in Fig. 6 are essentially the spin accumulations integrated over the occupied states with every value of energy from negative infinity to the Fermi energy. At any given value of energy, the spin accumulation on the k space points lying on the EEC at E z = 0 is antisymmetric in k space [26] and cancel out to zero after integrating over the EEC. A finite value of E z breaks this antisymmetry. Notice from Figs. 4 and 5 that for a given value of energy magnitude , the energy cross section EEC on e = | | is the reflection of the EEC for w = −| | about the k y = 0 line, as indicated in Fig. 7 .
Consider the symmetry properties of the Hamiltonian and the eigenstates. Including now the E x x term (and omitting the impurity scattering term), the full Hamiltonian in the absence of E z now reads
This Hamiltonian is invariant under the simultaneous transformation consisting of (i) spatial reflection about the x axis, (ii) a π rotation of the real spin along the spin x direction, and (iii) a π rotation of the τ degree of freedom along the τ x direction which together lead to k y → −k y , σ y → −σ y , σ z → −σ z , τ z → −τ z . These symmetries in turn imply that the spin y and z accumulations of states lying on a given (k x , k y ) on the EEC have the same magnitude but opposite signs as the accumulations of the the states on (k x , −k y )
The simultaneous transformations (i) x → −x (ii) π spin rotation about the spin y direction and (iii) π rotation about τ y bring H 1 → −H 1 . This implies that for a particle state for a given (k x , k y ) on the EEC the particle state with a positive energy E has the same magnitude and sign of the spin y accumulation and opposite signs of the spin x and z accumulations for the hole state of energy −E at (−k x , k y ).
If we now include the E z z term as well so that we have
we find the simultaneous transformations (i) spatial inversion on the xy plane (ii) π spin rotation about σ z and (iii) π τ rotation about τ y bring H 2 → −H 2 . This implies that for a particle state for a given (k x , k y ) on the EEC the particle state with an positive energy E has the same magnitude but opposite signs of spin x and y for the hole state of energy −E at −(k x , k y ).
A schematic plot of the relative signs of the spin accumulation directions on EEC points with a finite Ez term showing how the asymmetry between the EECs for positive and negative ky are switched between E > 0 and E < 0. The spin accumulations in a given direction of the same color (black or red) have the same magnitudes; in the absence of the Ezτz term all the spin accumulations along a given direction at the points depicted would have the same magnitude. Fig. 7 summarizes the relative signs of the spin accumulations on points related by symmetry on the EECs from the symmetry arguments above. It can be concluded from these symmetry properties that if the E z τ z term were absent so that the EECs are symmetrical about the k y = 0, the the spin y and z accumulations after summing over all the EEC k space points would have canceled out by antisymmetry. The E z τ z term breaks the antisymmetry so that a finite spin accumulation remains after the EEC summation. One can also conclude that even in the presence of a finite E z , the total spin y and z accumulations for E = ±|E| after summing up over all the k-space points on the EEC at a given energy E, σ y (E) and σ z (E), are symmetric about E = 0. This symmetry in turn implies that the spin accumulation after integrating over all the occupied states,
f (e) de is hence antisymmetric. We now turn our attention back to other features of Fig. 4 . As one might expect, the magnitude of the spin accumulation in general decreases with increased impurity scattering characterized by n i u 2 . While the impurity scattering does not change the symmetry properties of σ i and σ i τ z with respect to the sign of E f or the peaking of the spin accumulations at energies where near the higher energy bands emerge, stronger impurity scattering does lead to small shifts in the exact Fermi energies at which the magnitude of the spin accumulation peaks. The impurity scattering may also change the sign of the spin accumulations away from the peaks, as can been seen for the σ y accumulation in the vicinity of |E| > 50 meV and the σ z τ z accumulation. Fig. 8 shows the effects of increasing impurity scattering on the example of the σ z τ z spin accumulation at small |E f |.
The impurity scattering leads to a smearing of the kspace features of the k-space integrand in Eq. 11. This smearing out can perhaps be better understood by examining the equation for O in the absence of vertex corrections Eq. 7, in which (G R α (0) − G A α (0)) (α is a collective index for ( k, s) ) appears explicitly. The imaginary part of this term is approximately a Lorentzian distribution in E f centered around E f = E α with the energy width of the Lorentzian distribution characterized by the impurity scattering strength. The Lorentzian distribution reduces to a Dirac delta in the clean limit so that the plots in Fig. 8 will only pick up contributions in the k space vicinity of the E = E f EECs. In the presence of finite scattering, the k-space points in the vicinity of the these EECs will also pick up contributions from a broader neighborhood of the energy values in the vicinity of E f . This however does not usually totally compensate for the energy broadening fall in the magnitudes of the contribution k space points falling exactly on the E = E f EECs and so the spin accumulation magnitude typically drops with increased scattering.
We finally make a short comment on the effects of the vertex corrections. Fig. 9 shows an exemplary plot of the σ z τ z accumulation with the same parameter range as in Fig. 6 with (solid lines) and without (dotted lines) the vertex corrections calculated using Eqs. 11 and 7 respectively. The inclusion of the vertex corrections does not change the main qualitative features of the spin accumulations mentioned earlier. The vertex corrections do, in general, lead to a reduction in the magnitude of the spin accumulation and a shift in the exact values of the Fermi energies where the spin accumulations switch sign. These comments also apply to the σ y , σ z and σ y τ z spin accumulations not shown here.
We now shift our attention to the spin accumulation in the strong inter-surface coupling regime. Fig. 10 shows the spin accumulations calculated for the 3.0 nm thick Bi 2 Se 3 thin film for which we have plotted the dispersion relation in Fig. 4 .
The results in Fig. 10 share some qualitative similarities with those in Fig. 6 for the thicker film. σ y and σ z are antisymmetric in E f , while σ y τ z and σ z τ z are antisymmetric. The magnitudes of the spin accumulations similarly decrease with impurity scattering. The major qualitative differences can be attributed to their differing bandstructures. In place of the peaks in the spin accumulation magnitudes occurring at two values of |E f | in the thicker film, Fig. 10 has an energy range |E| < 0.024 eV over which the spin accumulation is zero. This energy range corresponds to the inter-surface coupling induced bandgap (Fig. 5 ) . Outside the bandgap, there is only one value of energy |E| = 0.12 eV at which the spin accumulation is either maximal or minimal. This energy value corresponds to that at which the higher energy band emerges.
For completeness we plot in Figs The Fermi energy values at which the spin accumulations peak vary slightly with the thin film thicknesses. This is due to the dependence of the Fermi velocity v f and inter-layer coupling strength λ appearing in the Hamiltonian Eq. 1 with the film thickness. In general, the maximum magnitude of the spin accumulations increase with decreasing thickness of the film. An interesting exception is for the σ z and σ y accumulations where the sign of the spin accumulation for the largest thickness depicted is reversed relative to that at smaller thicknesses.
V. CONCLUSION
In this work we calculated the spin accumulation due to an in-plane electric field on the top and bottom surfaces of a TI thin film with an in-plane magnetization. We described the numerical scheme for this calculation incorporating disorder scattering in the first Born approximation and vertex corrections at the ladder level. We distinguished between the two cases where the in-plane magnetization is stronger, and where it is weaker, than the inter-surface coupling. In the first case, the states localized at the top and bottom surfaces give two distinct Dirac cones near the charge neutrality point whereas in the second case there are no longer two distinct cones and a bandgap opens up. We then showed that these bandstructure differences give rise to different qualitative trends in the spin accumulation as the Fermi energy is varied. In the weak inter-surface coupling regime the spin accumulation exhibits two distinct peaks as the Fermi energy is increased beyond the charge neutrality point corresponding to the band top of the lower energy band and the band bottom of the higher energy band at k = 0. In the strong inter-surface coupling regime the spin accumulation is zero when the Fermi energy falls inside the band gap and exhibits a kink when the energy is increased beyond the k = 0 band bottom of the higher energy band.
We showed and explained why the σ y and σ z spin accumulations are antisymmetric with respect to the Fermi energy. These two quantities, which correspond to the sum of the spin accumulations on the top and bottom surfaces of the film, acquire finite values only when the symmetry between the top and bottom surfaces is broken so that the contributions from the two surfaces, which are of opposite signs, do not cancel out exactly. We showed that the impurity scattering and vertex corrections, in general, reduce the magnitude of the spin accumulation except at some values of Fermi energies where the magnitude is low in which case the sign of the spin accumulation may flip. The magnitude of the peak spin accumulation increases with decreasing thickness of the thin film.
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